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It is demonstrated that the stochastic back-and-forth vibrations of uncorrelated dipoles may lead to rotation
of their ambient dipoles. This peculiar phenomenon is clarified by considering spatial and temporal symmetry
breakings. The former asymmetry is the result of the multiple biased Hamiltonian vector fields, which is a
ratchet effect, and the latter, of the time sequence specified by a metastable state. Since this driving mechanism
is simpler than that of F0F1ATPase, it could benefit the design of nanometer scale rotary devices.
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I. INTRODUCTION

The ratchet mechanism has gained considerable currency
recently ranging over different disciplines. Examples include
myosin heads in muscles �1�, ion pumps on the cell mem-
brane �2–5�, Luttinger liquids in solid state physics �6�, vor-
tices in Josephson junction arrays �7�, cold atoms in an op-
tical lattice �8�, magnetic flux quanta �9�, and granular
systems �10,11�. In this respect, Smoluchowski’s gedanken
experiment presents a starting point �12�: can a microscopic
device consisting of a wheel with asymmetric sawteeth
linked to a pawl harvest kinetic energy from the randomly
bombarding air molecules? The device would have satisfied
the attribute of perpetual motion and the second law of ther-
modynamics would have been violated. Feymann extracted
an important lesson from this device �13�. The device may
indeed harvest energy from a nonequilibrium noise if a spa-
tial asymmetry is built into it. Here we consider a molecular
size dipole ratchet that possesses the attributes of the Fey-
mann ratchet and examine the symmetry or symmetry break-
ing that is required for the device to work as intended. The
dipole ratchet model �DRM� proposed verifies many con-
cepts of Feymann and provides some general principles for
the design of nanometer scale rotary motors, a subbranch of
motor research attracting increasing attention recently
�14–19�.

As an example, suppose a dipole fixed on a rotor disk is
surrounded by three driver dipoles like those in Fig. 1. The
drivers can only vibrate stochastically back and forth be-
tween two orientations, while the rotor can rotate to any
orientation. When the stochastic orientational fluctuation is
generated on these uncorrelated drivers, the rotor disk will
begin to rotate. Plotting the potential function of the whole
system with respect to the rotor angle �, we shall see later

that this rotation is because the phase point �� , �̇� of the rotor
is randomly switched between eight Hamiltonian vector
fields which have spatially asymmetric attractors in their ba-
sins. In other words, the underlying mechanism for the uni-
directional rotation of the DRM is a ratchet effect. In con-
ventional ratchets, the stochastic force �random noise�
usually appears directly in the single stochastic dynamics of

some state variable, like �, which characterizes the system
state. Nevertheless, the stochastic force on the drivers in the
DRM plays a different role, which switches the state variable
stochastically between several deterministic dynamics. Both
kinds of ratchets have stochastic dynamics, but are driven in
different ways. The DRM provides an apparent system ca-
pable of creating order from disorder and extracting energy
from stochastic forces to perform directional motion.

Further, we show that the spatial symmetry breaking in
the ratchet effect can generate a directional rotation in the
DRM with N�2 drivers; however, it fails if the driver num-
ber is one, i.e., N=1. But a further study shows a directional
rotation is still possible for N=1, if this driver has an addi-
tional metastable state between the original two states. Math-
ematically it is at first glance a bit puzzling how a back-and-
forth dynamics, which has a singularity at the turning points,
can be mapped into a smooth rotational dynamics without

FIG. 1. �Color online� Dipole ratchet with three drivers, every
one of which has two conformational states with orientations w1

and w2.
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turning points through a smooth transformation like the Cou-
lomb interaction. The reason is that the sequential change
between this metastable state and the other two original
states specifies a rotation direction on a circle, giving a tem-
poral symmetry breaking to the system.

Two advantages of the DRM enhance the realization
probability of fabricating a nanoscale artificial rotary motors.
First, a force transduction through the dipole interaction is
less sensitive to the motor shape and to the surrounding ther-
mal fluctuations, compared with that through a hard surface
contact like sawtooth wheels. Second, driving a motor with
stochastic uncorrelated drivers is simpler than that with cor-
related drivers. In the extreme case when the vibrations of
the three drivers in Fig. 1 are correlated, the system setup is
closer to the function mechanism of the biological motor
F0F1ATPase �20�. The efficiencies, common features, and
advantages of the DRM and F0F1ATPase are compared.

II. DIPOLE RATCHET MODEL

The DRM studied here consists of a central rotor sur-
rounded by N uniformly separated drivers. Figure 1 is an
example for N=3, which mimics the structure of the three
pairs of � and � proteins on the F1 motor of F0F1ATPase
�21�. The effective dipoles of the inhomogeneously distrib-
uted charges are represented by the vectors shown. While the
rotor can rotate to an arbitrary angle, only two orientations
w1 and w2 are allowed for the drivers, corresponding to low
and high energy conformational states. The driver state can
be changed, for instance, by the high energy bound of ATP. If
an ATP molecule is associated with a driver and hydrolyzed,
an amount of energy is released to the driver, which then
favors staying at the high energy state. After the energy is
exhausted, the driver tends to come back to the low energy
state. While the ATP arrives at each driver stochastically, its
docking and energy release after hydrolysis can be either
stochastic or periodic on each driver. The former �latter� cor-
responds to a uncorrelated �correlated� driving.

The motion of the rotor orientation � can be described by
the equation,

J�̈ + ��̇ +
dU���

d�
= 0, �1�

where J is the moment of inertia of the rotor, � represents a
damping constant, and U��� stands for an orientation depen-
dent Coulomb potential,

U��� = �
a,b

Kq�
Rqb

D

�R�
R��� − Rb

D�
, �2�

where K is the Coulomb constant, qa
R with a� �±1� denote

the positive and negative charges on the two ends of the rotor
dipole, and the vector Ra

R��� stands for their locations. By
analogy, qb

D with b� �±n�, where n=1,… ,N, denotes the
positive and negative charges on the two ends of the nth
driver dipole and the vector Rb

D��� stands for their locations.
On the complex plane, the vectors Ra

R��� and Rb
D are repre-

sented by the complex numbers

Pl
R��� = rre

i��+l��, �3�

Pjkl
D = dei�2��j−1�/N� + rdei�2��j−1�/N+l�+wk�,

where rr �rd� is the radius of the rotor �driver� and d denotes
the distance between the rotor center and the driver center
�Fig. 1�. The indices j� �1,2 ,… ,N�, k� �1,2�, and l
� �0,1�, stand for the jth driver, its two conformational
states, and their positive and negative charges, respectively.

When the conformations of the N drivers are fixed, the
potential profile U��� of Eq. �1� is time independent. Under
this profile, the rotor orientation � will eventually be damped
to a constant value, if ��0. But the stochastic ATP energy
input changes the driver conformation respectively the po-
tential U��� sequentially. Therefore, the long term behavior
of � will not stop at this value and is time dependent. The
dynamics of � is dominantly driven by the driver dipole clos-
est to the rotor dipole through the Coulomb interaction. But
it is damped by the resistance force � due to the surface
contact between the rotor and all N drivers. Since the driving
and damping forces belong to different kinds of interactions
and come from different sources, the random force dU��� /d�
in Eq. �1� need not follow the fluctuation-dissipation relation
of the Brownian random forces in the conventional Langevin
equation, even though these two equations look similar.
Since the Brownian random force is assumed to be small
compared with dU��� /d�, it has been neglected in Eq. �1�.

III. MOTOR EXAMPLES IN DIFFERENT SCALES

As an example, let us consider a micromachine approxi-
mately 3	103 times larger than F0F1ATPase. Since the
length, the radius, and the weight of the central axis �
 sub-
unit� in the F0F1ATPase are approximately 9.6 nm, 3.3 nm,
and 12 218 atomic mass units �2.03	10−23 kg� �22�, the ra-
dius R and weight M of the rotor in the micromachine are
supposed to be 10−5 m and 10−12 kg, where M is propor-
tional to R3. Assume the nonuniformly distributed charge Q
on the rotor is 10−18 C, which is approximately ten times
larger than an electron charge 1.6	10−19 C. If the charges of
the rotor and the drivers have a minimum distance r0	R, the
potential U is close to the order of KQ2 /r0	10−21 N m. The
effective damping coefficient of the rotor along the rotated
arc is estimated to be C=10−12 kg s−1=1 pN m−1 s−1. Taking
�=0 as a minimum of the potential U��� and x=R� as the
corresponding rotated arc, the behavior with which the rotor
approaches the equilibrium position x=0 can be approxi-
mated by the equation

Mẍ + Cẋ + Wx = 0. �4�

The coefficients in Eqs. �1� and �4� are related by J=MR2

	10−22 kg m2 and �=CR2	10−22 kg m2 s−1, and the poten-
tial well U��� around the minimum �=0 has been approxi-
mated by the quadratic curve WR2�2 /2. The ATP energy is
approximately 7.3 kcal/mole, corresponding to 5	10−20 J
per ATP. Since the potential well U��� is created by one ATP,
its energy WR2 cannot be larger than the energy of an ATP
molecule. In general, WR2 can be much less than the ATP

C.-H. CHANG AND T. Y. TSONG PHYSICAL REVIEW E 72, 051901 �2005�

051901-2



energy for two reasons: First, the driver dipoles and the rotor
dipole are not overlapped. The larger the distance in be-
tween, the less the ATP energy on the driver is transported to
the rotor. Second, so far the configurational change of the
rotor is supposed to follow that of the drivers. It implies that
the torque of the drivers is larger than that of the rotor or,
equivalently, the energy difference between two driver con-
formations is larger than the energy difference between two
rotor angles. However, even in the inefficient case that only
20% of the ATP energy is transported to the rotor, one has
W	10−10 J.

Inserting above values into Eq. �4�, the three terms in this
equation are approximately of the order of 10−17, 10−17, and
10−15 N and the system is in the underdamped regime be-
cause W /M � �C / �2M��2. Equations �1� and �4� have the
damping rate e−Gt with G=C / �2M�=� / �2J� and the speed

�̇= ẋ /R derived from Eq. �4� can be solved explicitly �23�.
Note that �̇ is not the speed of rotation of the motor, but the
speed with which it converges to a stable state after the con-
formations of the drivers are changed. The real rotational
speed of the motor is determined by the ATP concentration or
how frequently U is changed.

To keep the same C /M ratio between the first two terms
in Eq. �4�, the corresponding parameters in Eq. �1� can be
selected as follows: J=0.01, �=0.005, K=qa

R=qb
D=1, rr=2,

rd=6, d=10, �=� /10, w1=� /2, and w2=�. These dimen-
sionless parameters with a small inertia, i.e., J=0.01, corre-
spond to a microbiological system with a low Reynolds num-
ber. Even this J is not small enough to be in the overdamped
regime; it is close to this regime, because the damping rate
e−Gt=e−t/4 is fast. Within the period t=12 s of our environ-
mental change in the example of the dense ATP pulses in Fig.
2�b�, the damped ratio is e−Gt	5%, which means the oscil-
lation magnitude of � has decreased 95%. That is, before the
next energy packet is supplied, � has almost arrived at its
stable state. Therefore, the long term behavior of � is not
sensitive to whether the rest tiny oscillation is fast, slow, or
overdamped. Consequently, the selected parameters lead to a

similar unidirectional � dynamics as that in the overdamped
regime.

For a motor smaller than 10−5 m, the inertia term in Eq.
�1� decreases faster than other two terms, since it is propor-
tional to R5. Accordingly, the system quickly goes beyond
the boundary W /M = �C /2M�2 into the overdamped regime.
If the radius and the weight of the rotor are 10−8 m and
10−21 kg, i.e., only approximately three times larger than the
F0F1ATPase, the three terms in Eq. �4� are of the order 10−29,
10−20, and 10−12 N. Therein the value of C has been sup-
posed to be the same as before. Even though C varies with R,
it cannot decreases as fast as R5 as does the inertia term.
Therefore decreasing motor size leads to more apparent uni-
directional motion of �. On the other hand, if the motor is
larger than 3	103 times the F0F1ATPase, the inertia term
becomes significant. But its averaged rotational motion still
can be unidirectional. Only the fluctuation around this aver-
aged motion will become larger. Consequently the idea of the
DRM discussed here can also be applied to drive macroscale
systems with a larger inertia, for which the term J in Eq. �1�
is not negligible.

After an ATP releases energy to a driver, the driver stays
at a high energy state for a period �, which can be stochastic
�Figs. 2�a� and 2�d�� or periodic �Figs. 2�b� and 2�e��. In the
former case, the distance between two neighbor pulses is
distributed as −�* ln�R� with a positive factor �* and a ran-
dom value R� �0,1�. The curves Ca, Cb, Cd, and Ce in Figs.
2�c� and 2�f� depict the rotor angles � in time under the
driving pulses �a�, �b�, �d�, and �e�. All these curves have
positive slope, which tells us that the rotor rotates unidirec-
tionally, no matter whether the ATP pulses �energy supply�
are periodic or random. Second, Cb is steeper than Ca and Ce
is steeper than Cd. It indicates that if the averaged densities
of ATP pulses are the same �as in �a� and �b��, then a periodic
energy supply is more efficient than a random energy supply.
Furthermore, Ca is steeper than Cd and Cb is steeper than Ce.
This reveals that the denser the driving pulses �energy�, the
faster the rotation. The histograms of the rotor orientation �
for the �a� and �d� pulses are presented in the upper insets of
�c� and �f�, which shows that the orientation is more uni-
formly distributed for dense sequences but sharply localized
like  peaks for dilute sequences. Let us attach a bead to the
rotor acentrically to characterize the rotor orientation � and
allow the bead to fluctuate slightly in both rotational and
radical directions. After randomizing the orientation � in Cb
and Ce slightly combined with a small fluctuation in the radi-
cal direction, one obtains the cloudy ring patterns for the
bead location in �c� and �f�, which resemble the orientation
distribution of the 
 subunit in the F0F1ATPase experiment
with high respectively low ATP concentrations �24,25�. The
cloudy patterns together with the histograms reveal that the
rotor dipole has a more uniform orientation distribution if the
energy supply is dense. In contrast, the orientation of this
dipole is more localized at three angles if the energy supply
is dilute.

To demonstrate the rotation efficiency in different rotor
and driver configurations, Fig. 3 shows the rotated angle �
versus the relative rotor radius �r=rr /d and the relative dis-
tance �e=e /d, with the border distance e=d−rr−rd �see Fig.
1�, where the center distance d is kept constant. The angle �

FIG. 2. �Color online� �a�, �d� Random pulse sequences at three
drivers for �=5 with �*=10 and 500, respectively. �b�, �e� Periodic
pulse sequences for �=5 and pulse distance 8. �c�, �f� The corre-
sponding rotated angles ��t� with orientation histograms and bead
locations. �a�, �b� ��d�, �e�� correspond to high �low� ATP concen-
tration. �The units depend on the motor sizes discussed in Sec. III.�
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is assigned to zero at the ��d ,�e� plane if the corresponding
drivers are too large to overlap each other and forbidden. For
the one driver case with N=1, there is no directional rotation.
For N=2, 3, and 4 with �=0.05, the directional rotated angle
� is plotted in Fig. 3 after approximately 80 ATP’s have been
hydrolyzed by each driver �80 pulses in each sequence in
Fig. 2�a��. A comparison shows that the larger the number N,
the faster the rotation of the rotor will be, up to the exception
in the small ��r ,�e� region. In this region the drivers are too
large to overlap each other and the corresponding configura-
tion is physically forbidden. Therefore, a comparison there is
meaningless. The plot in Fig. 3 indicates that the directional
rotation is faster in the small �e regime, e.g., �0, 0.2�, corre-
sponding to a close distance between rotor and drivers, and
in the small �r regime, e.g., �0.1, 0.4�, which will become
clear after the following investigation on the system potential
U���.

It should be recalled that the current model is under the
assumption that the torque of the drivers is much larger than
the torque of the rotor. The advantage of this assumption is
that it helps us easily realize why the motor works. Once we
understand this simple model, the directional rotation in
more general models, where the transition constants are de-
pendent on the rotor positions, would not be so surprising.
Notably, ATP energy is just an example in the current model
and can be replaced by other energy sources.

IV. SPATIAL AND TEMPORAL SYMMETRY BREAKING

For N=2 the potential U1 �thick solid� and U2 �thin solid�
in Fig. 4�a� correspond to the cases where only the first or the
second driver, respectively, is at the high energy state w2.
The potential U3 �dashed� and U4 �dotted� correspond to the
case when both drivers are respectively at low and high en-
ergy states. Although the asymmetric potential profiles of U1,
U2, and U4 are similar to that in the flashing ratchet proposed
for the muscle contraction �4�, their functions are different.
The flashing ratchet contains a flat potential and a periodic
asymmetric potential. The asymmetric potential and the
noise are two globally unbiased driving sources which can
only shift the particles locally. Switching between these two
sources leads to biased particle motion, in agreement with

the concept of Parrondo’s paradox �26�. In the current DRM,
e.g., with N=2, the previous noise is replaced by another
asymmetric potential U2 which is almost the same as U1 up
to a phase shift � �Fig. 4�a��. The driving by U2 is more
efficient than the noise since U2 moves the particle in the
same biased direction as U1 does, while the noise spreads out
the particles uniformly in both directions and reduces the
efficiency of their biased movement. Under proper switching
frequency, the vibrating ratchet in Fig. 4�a� can be as effi-
cient as wave surfing, in which the surfer always stands in
front of the wave front and is carried forward as fast as a
moving wave �27�. Accordingly, such surfing ratchet is in
general more efficient than a flashing ratchet �28�.

Figure 4�b� has a larger rotor and two smaller drivers but
with the same distance d, which forms a secondary potential
minimum around �=3 to trap the � state. It explains the
general efficiency decrease in Fig. 3 when the rotor size is
too large, e.g., �r�0.3. For N=3, the potential peaks are
similar to Fig. 4�a� but with a shorter phase shift, 2� /3,
between them. Figure 4�c� depicts the sharp potentials from
four densely located drivers. Note that the asymmetric poten-
tials in Fig. 4 are due to the asymmetric location of the rotor
dipole, from which the name dipole ratchet derives. If this
dipole is centered at the origin, the directional rotation will
not occur. It cannot be rescued by any asymmetric locations
of the driver dipoles.

For a one driver system, N=1, a directed rotation will not
happen, regardless of which two conformational states w1
and w2 are selected for the driver. The reason is clear from
the example in Fig. 4�d� showing that a state � cannot escape
from the region �0,2�� by switching between two potentials
U1�w1=−� /12� and U2�w2=13� /12�, because the two cor-
responding attractors in the phase space of these two poten-
tials have approximately the same basin, which is bounded
by �0,2�� in the � coordinate. In this case, the rotor and the
driver resemble two connected sawtooth wheels. If a wheel

FIG. 3. �Color online� The rotation efficiencies for different
driver and rotor configurations with N=2, 3, and 4 in green, yellow,
and red.

FIG. 4. �Color online� Ratchet potentials for different rotor and
driver configurations in the inset with d=10 and �N ,�r ,�e�
= �2,0.2,0.2�, �2, 0.5, 0.2�, �4,1−
2/2 ,0.01�, and �1, 0.2, 0.2� in
�a�, �b�, �c�, and �d� respectively. �The units depend on the motor
sizes discussed in Sec. III.�
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�dipole� vibrates back and forth, the other cannot rotate uni-
directionally.

Although a directional rotation for N=1 cannot be created
by a spatial symmetric breaking, it can be induced by a tem-
poral symmetry breaking. Indeed, suppose the driver has
three conformational states with orientations w1, w2, and w3
and arrives at the high energy state w2 directly after ATP
hydrolysis but returns to the low energy state w1 through a
metastable middle energy state w3 and stays there for a
while. Then the dynamics of the driver orientation follows
the specified temporal sequence “low, high, middle energy
states” repeatedly. This specifies a time arrow for visiting
these three states and leads to rotation. As an example, let us
take w3=3� /12 as the orientation of the metastable state,
which creates the potential U3 in Fig. 4�d�. Clearly, on
repeating driving the system by the sequence
U1 ,U2 ,U3 ,U1 ,U2 ,U3,…, a state � tends to move from a
potential minimum to another potential minimum rightward.
Note that this happens even when the potentials are spatially
symmetric. This result indicates that the minimal driver con-
formation number for a unidirectional rotation for N=1 is
three. It is consistent with the fact that three is the least
position number on a circle that can specify a rotation
direction.

V. DISCUSSION

As mentioned at the beginning, the ratchet model has
been used to describe huge number of different biased mo-
tions. The core ingredient in this model is a point on an
asymmetric potential under a specific driving force. This
point usually represents the coordinate of an object in the
real space �1,2,4–9�. However, it also can represent a physi-
cal state in a generalized state space. In this case the asym-
metric potential in the state space is not necessarily related to
whether the potential in the real space is asymmetric or not.
The orientation � of the rotor in the DRM is an example. The
asymmetric potentials in Fig. 4 �state space� come from the
asymmetric location of the rotor dipole and are not directly
related to the symmetry and periodicity of the pulse potential
of ATP in Figs. 2�a�, 2�b�, 2�d�, and 2�e� �real space�. This
fact indicates an extension possibility of the ratchet concept
to different generalized state spaces.

Dipole effect has been found to play a significant role in
the function of the ion pump Na,K-ATPase �21�. Experi-
ments showed that this motor can transport ions through the

cell membrane under an oscillating electric field �5�. It indi-
cates a non-negligible large scale dipole inside the pump
besides the small scale peptide dipoles. A theoretical dipole
model on this motor called the theory of electroconforma-
tional coupling �5� has reproduced experimental results on
ion transport �5� and on stochastic resonance �29–32�. These
results confirm the significant role of a dipole force in the
function of the molecular motors.

According to the chemiosmotic hypothesis, ATP synthesis
in mitochondria is by the transduction of electrochemical
potential energy through the action of F0F1ATPase. When
the transmembrane proton concentration gradient is suffi-
ciently large, the proton flux through the F0 subunit drives
the central 
 axis to rotate. Since 
 is not centrally symmet-
ric, its rotation applies power strokes to the three surround-
ing � subunits in a clockwise time sequence �20�. These
sequential conformational changes of the �’s induce ATP
synthesis on them. However, if the transmembrane proton
gradient is low and the ATP concentration is high, ATP can
instead hydrolyze and fuel �’s to rotate 
 in opposite direc-
tion. While the ATP bombardment on each � is stochastic, its
docking and hydrolysis on each � are found to follow a
counterclockwise time sequence, indicating a sophisticated
structure correlation between these three separated � sub-
units. Interestingly, as shown in Figs. 2�c� and 2�f�, such
correlation is not a necessary condition for a unidirectional
rotation and the efficiency from uncorrelated driving is not
much smaller than a correlated driving if the ATP is densely
fueled. Nature seems to select a much complex, but opti-
mally efficient, model for the rotary motor in our cell.

In summary, this work demonstrates the feasibility of ro-
tating a dipole by fluctuating its ambient dipoles. The re-
quirement for this directional motion is temporal symmetry
breaking for one driver systems and spatial symmetry break-
ing for multidriver systems. The present result is not only
valid for microsystems fueled by ATP but also applicable to
macrosystems under general fluctuating sources.
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